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Abstract 

We establish that a closed set E is removable for C"'" Holder continuous p{x)- 
harmonic functions in a bounded open domain Q, of R", n > 2, provided that for each 
compact subset K of E, the (n — pa + a{pK — l))-Hausdorff measure of K is zero, 
where pK = maxp(a:). 
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1 Introduction 

Let Q, be an open bounded domain of R", n ^ 2, and let p be a measurable real valued 
function defined in i7 satisfying for some positive numbers p_ and p+ 



1 < p_ < p{x) < p+ < oo a.e. X G ft. 



(1.1) 



We first recall the definitions of Lebesgue and Sobolev spaces with variable exponents 
LP(^)(r2) and (see for example g], [S] and [S]) 

iP(^)(f^) = |u : 17 ^ M measurable / p{u) = J |m(x)|p(^) < +cx) | 

A > : pi ^ j ^ 1 |. 



Setting ||Vu||p(^) = ^ 



= |m e / Vu G (Lf(^)(^^))"}- 

du 



dx,. 



is a norm, and (VF^^P'-^-'(ri), ||.||i.p(2;)) is a separable and reflexive Banach space. 



p{x) 



JoTue W^^P(-Hn), then ||w||i,p(,) = ||u||p(,) + ||Vu||p(,) 
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The space W^J '^^""^(f]) is defined as the closure of C^in) in W^^P^'^Hn). 
If n has Lipschitz boundary and p satisfies for some L > 

- \p{x) ~ p{y)\\og\x - y\ ^ L yx,y eTl, (1.2) 

then C°°{Ti) is dense in W^^p^'^HQ) and W^o'^^''^(17) = W^^P^''\n) n W^'^n) (see 0). 
We shall need three definitions: 

Definition 1.1. We say that a function u G wl^^^^\n) is a p[x)-harmonic function in an 
open subset O of and write Ap(2.)U = in O, if it satisfies 



Jo 



Definition 1.2. Let E be a closed subset offl. We say that E is a removable set for C*^'" 
Holder continuous p{x)-harmonic functions, if for any C"'" Holder continuous function u 
in 17; 

// u is p{x) -harmonic in fl\ E, then u is p{x) -harmonic in 51. 

Definition 1.3. Let F be a subset of M" and s a positive real number. The s-Hausdorff 
measure of F, denoted by H^{F), is defined by 

H'{F) = lim HI{F) = sup i7|(i^), where for (5 > 0, 

•5^0 s>0 



HI{F)=m{ f;a(.)(^!^!^)^|Fc|jQ, d^arn{C,)^6} 



roo 

and ais) — — ; — ; -, T(s) = e dt, for s > is the usual Gamma function. 

^ ' r(s/2 + l)' ^ ' Jo 

In this paper, we are concerned with giving a sufficient condition for a closed subset 
i? of f2 in order to be removable for C*^'" Holder continuous p(x)-harmonic functions in 
fi. We recall that for p constant, Kilpelainen and Zhong [7' proved that a closed subset 
of fl is removable for C*^'" Holder continuous p-harmonic functions if and only if the 
{n — p + a{p — l))-Hausdorff measure of E is zero. Trudinger and Wang |T0] proved the 
sufficiency of this condition. For p = 2, this result is due to Carleson [3]. For a result in 

the framework of A-harmonic functions, i.e. functions satisfying dw^^^^^pVu^ — 0, with 

A(t) = [ a{s)ds andaeCH(0,+oo))nC"([0,+oo)), wereferto H. 
Jo 

The main result of the paper is the following theorem: 
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Theorem 1.1. Let E C ^ be a closed set. Assume that u is a continuous function in f2, 
p(x) -harmonic in n \ E, and such that for some a £ (0, 1) 

If for each compact subset K of E, the (n — pK + ol{pk ~ l))-Hausdorff measure of K is 
zero, where px = maXxi^K pix) , then u is p{x)— harmonic in ^l. 

An immediate consequence of Theorem 1.1 is the fohowing corollary: 

Corollary 1.1. A closed subset Eofflisa removable set for C*^'" Holder continuous p{x)- 
harmonic functions, if for each compact subset K of E, the {n — pK + ct{pK — l))-Hausdorff 
measure of K is zero, where px is as defined above. 

Remark 1.1. We recall that Carleson '31 proved Corollary 1.1 for the Laplace operator. 
For p— Laplace like operators, it was established by Kilpeldinen and Zhong and also by 
Trudinger and Wang IIP}/ , under the assumption that u has an A— superharmonic extension 
to fl. A partial result has been also obtained in for A-harmonic functions. 

2 Proof of the Main Result 

First, we introduce the following obstacle problem, where D is a smooth subdomain of f2 

and (f> G W^'P^^'^D) 



Find V eT = {Ce W^'P^'^XD) / C ^ in r2 and C - (/) G Wo'^'-''\d) }, 

[ \\/v\P'-''^~^Vv.V{C - v)dx ^ for aU C e J". 
Jd 



Then we have: 

Proposition 2.1. There exists a unique solution v to the problem P{<j),D). If cj) is con- 
tinuous in D, then so it is for v. Moreover — Ap(2,)i; is a nonnegative measure and v is 
p{x)~harmonic in [v > (j)]. 

Proof. The existence and uniqueness of a solution to P((?I>, D) can easily be obtained by 
standard techniques. For the rest, we refer to ^ Theorem 10. □ 

Next, we establish the following lemma : 

Lemma 2.1. Let K be a compact subset ofQ. Suppose that 4> & W^''P^^\fl) is a continuous 
function such that we have for some L > 

yyeflVxeK |(/-(a;) i|x-y|". (2.1) 

Let V be the solution of the problem P((^, 17) and let fj, — — Ap(2.)i;. Then there exit two 
positive constants Co and Rq such that 

KBr{x)) ^ CoR''-pi-)+^iPi-)-^)^ Vi? < i?i = min (i?o, ^!f!(|lM), £ k. (2.2) 
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Proof. Let xq E K and < i? < ^'^ 33' — -. We distinguish two cases: 
V^Case : Br^xo) n [1; = 0] = 0. 

In this case, we have by Proposition 2.1 ij,{Br{xo)) = 0. 
2"'^Case : 3xi e Br{xo) r][v = 0]. 

In this case, we have ^{Br{xo)) ^ I^'{B2r{x{)) and it is enough to estabhsh (2.2) for B2r{xi). 
Note that since B33_r(xo) CC O, we have i?32fl(a:i) CC f^. Moreover if G C'^-°'{Bg,R[xi)), 
then we know (see [9] Theorem 1.1) that there exist two positive constants Cq and ro such 
that (2.2) holds for x — xi provided that 2i? < tq. We shaU assume that R < Rq = ro/2 and 
will show that osc(v, Bsr{xi)) — _max v — _min v ^ CR" for some positive constant C. 

Bsr(xi) BanXxi) 

Let ujQ = osc{4>, B:i2R{xi)) — _max (f) — _min 0. Without loss of generality, we can as- 

sume that v(xi) — (f>{xi) — 0, and we claim that uja i2"+i(l + 32")i?". Indeed 
since </> is continuous in f2, there exist X2,X3 G i332_R(a;i) such that (pix^) — _max and 

(j){x2) = _min (j). Then we have by the assumption (2.1) since xq G K 

B32r{xi) 

Wo = <Pix3) - (I){x2) = (pixa) - (j){xo) + (j){xo) - (f>{x2) 

< L\x3 - xqI" + L\x2 - xo\" 

< L{\x3 - a;i| + |xi - xo\)" + iv(|a;2 ~ xi \ + \xi - xq])" 

< L2"(|X3 ~ rriT + \xi - xoH + L2"(|x2 - xi]" + jxi - a;^") 

< L2"((32i?)" + i?" + (32i?)" + i?") = L2"+i(l + 32")i?". (2.3) 

Now u + wq is a nonnegative and p(x)-superharmonic function in i?32i?(a;i). Indeed by 
Proposition 2.1, — Ap(2,)(w + loq) = — Ap(j,)U = /i ^ 0, and for x G i?32i?(a^i) 

(w + i^o)(2;) = t;(a;)+_max — _min 0^0(x)— _min (/) + _max </> 

S32/?.(a;i) S32/!.(3;i) S32H(a;i) -B32H(a;i) 

^ _max 5^ 'Pi^i) = 0. 
-832^(3:1) 

Applying Lemma 6.4 of [1 to v + ujq, we get for some constant Ci > and < 5 < liMiiiiLO. 

I i„ \ ,1 / (w + cJo)'^dx I ^Ci( inf (w + cjo)+i?). 

\|5i6fl(a;i)| ysieflC^o) / ^S8K(a.i) 

Since by Holder's inequality, we have 

TTT^-T^ f iv + UJo)dx^ ( \ / {v + u:oydx\ , 
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we get 

— ^— — / {v + iOo)dx ^ Ci{ inf {v + ujo) + R). (2.4) 

\BwRixi)\ J B,,^ia^,) ^Bsnix^) 

Moreover {v — ujq)^ is nonnegative and p(x)-subharmonic in i?32i?(a;i). Indeed let S 
1^{B32r{xi)), C !^ 0, and e > 0. Using the fact that by Proposition 2.1 Ap(^')?; = in 
[v > (/)], and taking into account that -B32j?X^i) ^ b-' > ^o] C B32r{xi) D [v > (p] because 
— _min (j) ^ ~(f){xi) = 0, we get 

\\/v\P^^^-^\/v.V{ min (C, 
= / |v«|f(-)-2vt,.V(niin(C,^^^^^))dx = 

J B32Rixi)n[v>iAJo] ^ 

which can be written as 



[ |V(w-a;o)+r''=^~^V(v-a;o) + -VCda 

\Viv-ujo)+\P'^''Ux < 0. 



e JS32H(xi)n[eC>(i'-<^o) + ] 

Letting e — ^ 0, we obtain 

/ \V{v ~ cjo)+r^"'~'V(t; - wo)+.VCda; 

J Ba2Rixi) 

which means that Ap(2.)(w — loq)^ in i?32fl(a;i). 

At this point, we remark that it is straightforward to adapt the proof of Lemma 6.6 of 
[1] to the function (v — ujq)'^ , since the proof uses only the fact that the function is p{x)- 
subharmonic. We obtain for some constant C2 > 

sup (v-uJo)^ ^ C'2(— — — -7/ {v-uJo)^dx + R 

BsRixi) ^\Bl6R[Xl)\ JBieRixi) 

\ x| / {v + ujo)dx + R). (2.5) 

^\Bi6r{Xi)\ 7n_„„^^.^ / 



s=: Co 



BieR(xi) 



Using (2.4)-(2.5), we get 



sup {v-uoV ^ C2(Ci( inf (w + wo) sS C3( inf (v + ujo) + R) 

igR{xi) Bsr{xq) BgR{xo) 



^ 6*3(^0 + i?) since inf v^v{xi)—0. 

B8r{xi) 



We deduce that 



sup V ^ ujQ + sup {v — uq) ^ uq + sup (v — ujq)^ ^ (1 + C3)uJo + C3R 

hRixi) BgR{xi) Bsr(xi) 
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which leads by continuity to 



Now since 0(xi) = 0, wc have 



_max v^{l + C3V0 + C3. (2.6) 



— _min v^— _min </> = (/>(a;i) — _min (j) ^ _max — _min (p = loq. (2-7) 

Bsuixi) B32r{xi) B32B(a:i) B32r(xi) B32B(a:i) 

Since a G (0, 1), it follows from (2.3), (2.6) and (2.7) that 
osc{v, B8r{xi)) = _max v — _min v ^ {2 + C3)uJo + C3R 

< L2«+i(l + 32«)(2 + C3)R" + C3R = (L2«+i(l + 32«)(2 + C3) + Csii^-")/?" < dR'^. 

□ 

Proof of Theorem 1.1. Let Ehe & closed subset of O such that for each compact subset K 

of the (n — pK + a{pK — l))-Hausdorff measure of K is zero, where px = xnecKx^K p{x). 
Let w be a continuous function in il, that is p(x)-harmonic m. Q.\E, and such that for all 
y e O and x £ E 

\uix)-u{y)\^L\x-y\''. 

Wc would like to prove that u is p(x)-harmonic in n. Consider a smooth domain D CC fl. 
By Proposition 2.1, there exists a unique continuous solution v of the problem P{u, D) such 
that fi = — Ap(3.)z; is a nonnegative Radon measure. Let ii' be a compact subset oi E f\D. 
Using Lemma 2.1, we have for a positive constant Co 

Ix{Br{x)) < Va; €K,yR<R,= min (Rq, d^st{K,dD) \ ^^.g) 

Let e > 0. Since 'W{K) = for s = n — pk + ^(pif — 1), there exists 5o > (see Definition 

1.3) such that for all b e (0, ^o), < lll{K) ^ e. We deduce that for each b e (0, 5o), there 

00 

exists a family of sets (C|) such that K d |J C^, diam{Cj) < 5 and 



HliK) < f;a(s)(^^^^^)' < e. (2.9) 



We assume naturally that for each j, Cjf\K ^ $. So for each j, there exists an Xj £ CjOK. 
This leads to Cj C Br. (xj), with Rj = diam{Cj). Obviously we can assume that for all j 
Rj < min(l,i?i). It follows from (2.8)-(2.9) that 

j=i j=i j=i 

00 ^ OS 

^ Cy = c y{diam{C^.)y < C^e. 
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Since e is arbitrary, we get IJ,{K) = 0, which leads to (iD) =0. 

Next, we prove that ij.{D\E) = 0. Let C e V{D\E), C > 0, e > 0, and set Ce = min (C, ) . 

Given that we have fj, = —Ap(^x)V = in [v > u] and Ce = in [u = u], we obtain 

/ |Vv|P(^)-2Vt;.VCrfa; = / IVvf'^^'^-'^Vv.yCdx = 0. (2.10) 

Jd\E J(D\E)n[v>u] 

Since Ap(3;)U = in D\E, we have 

/ |Vu|f(^'-2VM.VCrfa; = 0. (2.11) 

Jd\e 

Subtracting (2.11) from (2.10), we get 

/ I Vt;|f (^'-^Vt; - I Vu|f (^^-^Vu) .VCe^a; = 

Jd\e ' 

which leads by the monotonicity of the vector function 



J [p\E)r\{<iC,i^v-u\ ^ ' 

= -- f (|Vt;|f(^)-2Vt; - |Vw|f(^)-2Vu).(Vt; - Vu)dx ^ 

e J (D\E)n\€C>v-u\ ^ ' 



I (p\E)r\\eC,>v-u\ 

Letting e — >^ 0, we get 



/ f I V^;|^'(")-2Vt; - |Vu|f(")-2Vtt) .VCcix < 0. 



'D\E 

Now since Ap(^)U = in D \ we obtain 



/ |Vt;|P(^)-2Vi;.VC(ia; ^ 0. 
Jd\e 



Id\e 

which means that ^ = — Ap(a,)t; ^0 in D\E. We deduce that /x(D \E) = 0, and conclude 
that /u(-D) = 0. Hence Ap(^x)V = in D. 

Similarly, wc consider w the solution of the obstacle problem P{—u,D). In the same way 
we prove that Apf^^^w = in D. Now we have 

Ap(:r)v = Ap(^^){-w) = 0, in D 

V = —w, on dD. 

By the maximum principle, we get v = —w in D. Since we have — ti;^u^i;inl>, we 
obtain u = v = —w in D and Ap(^x)'^ = in Z). □ 
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